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The motivation for writing this paper was the parallelism in the classification of three different kinds of 
mathematical objects: 

(i) Classical r-matrices. 

(ii) Generalized cohomology theories that have Chern classes for complex vector bundles. 

, (iii) 1-dimcnsional formal groups. 

Recall first, that there are some distinguished 1-dimensional formal groups - those corresponding to actual 
algebraic groups - that is, the additive group G a , the multiplicative group G m , and the elliptic curves. 
Further, classical r-matrices, that is solutions to the classical Yang-Baxter equation 

in ■ 

(0.1) \r 13 (u + v),r 23 (v) -r 12 (u)] = [r 23 (w), r 12 (u)]. 

were classified by Belavin and Drinfeld [BD]. They showed that , under appropriate non-degeneracy condi- 
tions, all algebraic solutions to (0.1) are given by rational, trigonometric and elliptic functions respectively. 
The "quantum algebras" associated to those solutions are known, respectively, as Yangians, quantized en- 
veloping algebras, and quantum elliptic algebras [Drl] [RS]. Thus, one gets an 'a posteriori' correspondence 

(iMHi). 
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The relation (ii)<->(iii), on the other hand, is well known in algebraic topology, due to Quillcn [Q]. The 
generalized cohomology theories associated to formal groups arising from G a , G m and elliptic curves are, 
respectively, the ordinary cohomology, the complex if -theory and the so-called elliptic cohomology [Lan][S2]. 

This suggests looking for a direct construction relating one of the three generalized cohomology theories 
above with the corresponding quantum algebras. For the case of if-theory such a relation was found in 
[GV1] following an earlier work [BLM]. It provides a description of a quantized universal enveloping algebra 
in terms of equivariant K-theory of flag varieties. It was also observed in [GV1] that replacing equivariant 
K-theory by equivariant homology yields a construction of Yangians. 

The aim of the present paper is to treat the elliptic case. The first obstacle here is the absence of 
a 'good' equivariant elliptic cohomology theory. The non-equivariant elliptic cohomology theory was first 
introduced in mid 80's, see [Lan] and references therein, though no direct geometric interpretation of that 
theory is known as yet. Recently, a definition of equivariant elliptic cohomology with complex coefficients 
was suggested by Grojnowski [Gr]. His approach is not fully satisfactory however, since the construction 
in [Gr] becomes void in the non-equivariant case: it cannot distinguish non-equivariant elliptic cohomology 
from the ordinary cohomology at all. 

In the present paper we adopt the following strategy. In the first two sections we work out general 
formalism of the 'would-be' equivariant elliptic cohomology theory as if such a theory existed. Most of our 
attention is payed to those features of the theory that are essentially different from the known cohomology 
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theories, e.g., an invariant construction of the Chern classes. At the end of §1 we sketch Grojnowski's 
definition (we slightly modify his definition actually in order to remain in the domain of algebraic, rather 
than complex-analytic, geometry). Our exposition is thus very similar, in spirit, to the Kazhdan-Lusztig 
exposition [KL], in the Hecke algebra case. There, basic properties of the equivariant X-homology theory 
were listed in detail while the definition itself was only sketched. The reason for this is the same both in 
[KL] and in our paper: the information about the cohomology theory under consideration used in the study 
of elliptic, resp. Hecke, algebras docs not depend in any way on the definition of the cohomology theory 
itself. 

Our new results are concentrated mostly in chapters 3-5. The heart of the paper is the algebro-geometric 
construction of n. 3.4, which is quite general and does not depend on the rest of the material. The main results 
of the parer are theorem 3.5, and theorem 5.13. Proof of proposition 3.6 is technically most complicated; it 
requires a refinement of a lengthy argument used in [BLM] . 

Part 5 provides also a self-contained exposition of elliptic algebras that might be useful for the non- 
expert. The material involved does not seem to be well covered in the literature. 

The present paper should be regarded as a preliminary report on a wider project. This project involves 
deeper understanding of the recently discovered relationship between loop and 'double-loop' groups on the 
one hand, and moduli spaces of algebraic vector bundles on an elliptic curve and or an elliptic surface, on the 
other (cf. [EFK] and [GKV]). The subject is also closely related to the construction of 'Springer resolutions' 
and theory of 'Springer representations' for loop groups. These matters will be discussed in more detail in 
a future publication. 

We would like to thank I. Grojnowski, M. Hopkins, Y. Manin, H. Miller and H. Nakajima for valuable 
discussions and suggestions. 



1. Equivariant elliptic cohomology : axiomatics. 



(1.2) Elliptic curves. Let S be a scheme. By an elliptic curve over S we mean a group scheme p : E — > S 
over S whose fiber at every geometric point is an elliptic curve. Thus E is equipped with the zero section 
i : S — > E. We denote the line bundle on S by uoe or simply ui. We denote by E v — > S the dual 
elliptic curve parametrizing line bundles on X of relative degree 0. Note that cj^v = (w E )* and E vy = E. 
We denote by E r and E^ respectively the Cartesian and symmetric powers of E over S. 

(1.3) The space Xq. Let G be a compact Lie group. Then G is a maximal compact subgroup in a 
uniquely determined complex algebraic Lie group Gc, and the categories of continuous finite-dimensional 
representations of G and algebraic representations of Gc are known to be equivalent. Moreover, it was 
shown by Chevalley that Gc comes in fact from a group scheme G a i g over Z. For example, if G = U(n) 
is the unitary group, then Gc = GL n (C) and G a i g is the group scheme GL n . If G is a finite group, then 
G a ig = Gc = G. We write G° for the identity component of G, and the same for Gc, G a i g - 

Let p : E — > S be an elliptic curve. A principal G a / s -bundle P over E defines a finite covering E — > E 
consisting of "connected components of the fibers" . The canonical morphism P — > E makes P a principal 
G° Js -bundle over E. 

Let Xq be the moduli scheme of semistable principal G-bundles P over E v (see [R]) such that P — > E is 
topologically trivial on each geometric fiber. This is a smooth scheme over S, and we let pq : Xq — ► S denote 
the canonical projection. We write C Xq for the "zero section" given by the class of trivial G-bundle. A 
homomorphism <j> : G — ► H of compact Lie groups induces a morphism of groups schemes G a i g — > H a i g and 
thus a morphism of S-schemes X$ : Xq — > Xh ■ 

We writew for the line bundle p* G u on Xq, for short. 

(1.4) Examples. 

(1.4.1) If G = S 1 is the circle group, then Xq = £ vv = E. 
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(1.4.2) If G is a torus, then let T = Hom(5 1 , G) be the lattice of 1-parameter subgroups in G, so G = 5 1 (g)zT. 
Then X G = E ® z T is the sum of rk(T) copies of E. 

(1.4.3) If G = Z/n, then Xq = E n C E is the subgroup of n-torsion points of E. 

(1.4.4) The above examples can be unified as follows. Let G be a compact Abelian group. Then the 
Pontryagin dual G = Hom(G, S 1 ) is a discrete Abelian group, and Xq = Hom(G,i?). In particular, Xq is 
naturally endowed with a structure of compact Abelian group. Indeed, given an isomorphism of Lie groups 
E ~ S 1 x S 1 , the Lie group Xq is naturally isomorphic to G x G in such a way that for any closed subgroup 
H C G the closed subgroup X H C Xq is identified with H x H C G x G. 

(1.4.5) If G is a connected compact Lie group with maximal torus T and Weyl group W, then Xq = Xt/W. 
For example, if G — U(n), then Xq = E^ is the nth symmetric product of X (over S). If G = SU(n), 
then Xq is the kernel of the addition map 

£W +> e. This is a P"- 1 -bundlc over S. More generally, if G 
is a simple Lie group, then, as shown by Bernstein and Schwartzman [BS], the fibers of pq : Xq — > S are 
weighted projective spaces. The space Xq was also studied in [Lo]. 

(1.4.6) Let S = Spec(C), so E is an elliptic curve over C. Then, by Weil - Narasimhan - Seshadri theorem 
Xq is the same as the moduli spaces of principal G-bundlcs over E with an integrable connection, i.e., of 
conjugacy classes of homomorphisms ni(E) — > G. Since tti(E) = Z 2 , we find that Xq is the set of conjugacy 
classes of pairs of commuting elements of G. This is to be compared with [S2], [HKR]. 

(1.5) Equivariant elliptic cohomology. 

For every scheme Z we denote by Coh(Z) the category of coherent sheaves of Oz - modules. 

Let G be a compact Lie group By a G-cell we mean, (see [W]), a G-space of the form {G/H) x D n 
where H is a closed subgroup in G and D n is a disk of dimension n with trivial G-action. A G-CW complex 
(G-complcx, for short) is a G-space M glued from G-cells. Thus M admits an increasing filtration M n by 
G-subspaces such that M„/M„_i is a bouquet of G-spaces of the form (G/H) x S n , where S n is the n-sphere. 
It is known that any smooth manifold with smooth G-action is a finite G-complex, see [AP]. 

In this paper we choose a naive point of view on (equivariant) cohomology theories as functors on pairs 
of G-complexes, close to that of torn Dieck [Di]. Let E — > S be an elliptic curve. A G-equivariant elliptic 
cohomology theory associated to E is a collection of the following data : 

(1.5.1) Contravariant functors EIIq (i = 0,1,...) from the category of pairs of finite G-complcxcs into 
Coh(Ab). 

(1.5.2) Natural sheaf morphisms d : Ell l G (A) -» Elljt^M, A) given for any pair (M, A) . 

(1.5.3) Multiplication maps E1P G (M, A)®Ell G (N, B) -> Elljt j (M x N, M x BUA x N) which are associative, 
graded commutative and functorial in an obvious sense. 

Put E11 G = 0jEH G . The data (1.4.1-3) should satisfy the following conditions : 

(1.5.4) Homotopy and exactness : Two G-homotopic maps of pairs induce the same maps on E11 G , and for 
every pair (M, A) the following natural sequence is exact 

... -> E11 G (M,A) -> E1P G (M) -> E1P G (A) Elljt^M, A) -» ... 

(1.5.5) Periodicity axiom : There are natural isomorphisms 

ED£- 2 (M, A) ~ E11 G (M, A) ® uj. Moreover, Ellg +1 (pi) = 0, Ellg (pi) = 

Note that for the case G = {1}, S 1 = modular curve, (1.5.5) gives that the space of global section of 
m^ 2l {pt) is the space of modular forms of weight i. Note also that (1.5.4) implies that E11 G satisfies the 
suspension axiom : E11 G (£M,XL4) = E11 G 1 (M,A), where E denotes suspension. 

(1.6) Relations between different groups. We now list axioms relating theories E11 G for different G. 

(1.6.1) For any homomorphism of compact Lie groups <f> : G — > H, there is a multiplicative morphism of 
functors : Ell// => A^^EIIg from the category of 77-pairs of complex to Coh(Ajj). For any two composable 
homomorphisms <j>, ip we have T^^ — T^oT^,. 
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(1.6.2) Change of groups : If <f> : G — > H is a group homomorphism, then for any iJ-complex M we have an 
Eilenberg-Moore spectral sequence 

= L.X^m^M) E\V G l {M). 

Here LiX^* is the i-th left derived functor of the inverse image (This sequence converges, since X G has finite 
Tor-dimension over Xh)- In particular, 

(1.6.3) If Xj, is a flat morphism, there is an isomorphism A^Ellfj ^ EU G . 

(1.6.4) Induction axiom : Let H C G be the embedding of a closed normal subgroup, and M be a G-complex 
such that the action of H is free. Denote by p : M — > M/i? and : G — > G/i? the projections. Then the 
map p* o T^M/H) : El\ G/H (M/H) -» A^ j> Ell G (M) is an isomorphism of sheaves. 

(1.6.5) Runneth formula : Let G, ff be two compact Lie group, M be a G-complex and N be an if-complex. 
Then m GxH {M x AT) = <Y p * G Ell G (M) <8> A^EUjj (AT), where p G ,p H are the projections of G x H to G,i2\ 

We conjecture that any elliptic curve E gives rise to a unique equivariant elliptic cohomology theory, 
natural in E. A more systematic, if more technical, way of formulating this conjecture is by using the 
language of spectra representing cohomology theories. Namely, for any G there should exist a canonical 
sheaf T G of G-spectra (in the sense of [LMS]) on Xq, and for any homomorphism <fr '■ G — > H we should 
have J~q = {Lcf)*)J : H where L<p* is the derived functor of the inverse image. For G = {1} this would give a 
sheaf of spectra on S considered in [H]. In Section 2 we will give a construction valid over the rationals. 

(1.7) Some consequences of the definition. 

(1.7.1) For a locally compact space M let MUoo denote the one-point compactification of M. Then (1.5.4-5) 
implies that (for the trivial G-action) E11 G (R" U oo) = for odd n while E11 G (C™ Uoo)= 

(1.7.2) Let 1 denote the group with one element. By applying the induction axiom (1.6.1) to finite- 
dimensional G-invariant skeletons of the contractible space EG, we find that Ell° (BG) is the completion of the 
sheaf Ox G at the point £ X G . In particular, taking G = S 1 , we find that Ell? (CP 00 ) := lim invEll?(CP") 
is the completion of Oe at G E. 

(1.7.3) Proposition. Let <p ■ H <— > G be the embedding of a closed subgroup of G. Then A^Ell^ (pt) 
and El\ G (G/H) are isomorphic coherent sheaves on X G . 

Proof. Let S : H G x H be the diagonal map and p G , p H be the projections of G x H to G, H . Let 
{1} A G A {1} be the canonical maps. Since p* oT PH (pt) : Ell#(pi) — > X PH YA\ Gx h{G) is an isomorphism 
by (1.6.4), the map i* oTg(G) : E1\ Gx h(G) —> Xs^EYlnipt) is either an isomorphism. Composing it with 
the isomorphism ~EW. G (G / H) X PG:t E[\ Gx H{G) given by (1.6.4), one gets the result. 

(1.7.4) The scheme Mx G - By (1.5.3), any E11 G (M) is a sheaf of commutative algebras over X G . We denote 
its spectrum by Mx G and denote by ir M : Mx G ~ * X G the projection. In particular, E11 G (M) = ^ M . t Ou XG 
and, if M = {pt}, we get ptx G = %G- If : M — > A^ is a holomorphic map the contravariant functoriality 
map <p* : Ell G (A r ) — > EU G (M) induces a morphism of schemes <f>x G ■ Mx G — > Nx G - The maps M i— ► M^ G , 
' * 0A" G define a functor from the category of G-complexes to the category of schemes over X G . Note that, 
from Proposition (1.7.3), if M is a finite G-complex then ir M is a finite morphism. Indeed Proposition (1.7.3) 
can be rephrased in the following way : 

(1.7.5) . Let (f> : H ^ G be the embedding of a closed subgroup of G . Then (Xh, X<j>) and ((G/H)x G , k g/h ) 
are isomorphic schemes over X G . 

Section (1.6) can be rewritten in terms of Mx G - Axioms (1.6.1) and (1.6.3) mean that a homomorphism 
(f> : G — > H and a iJ-complex M give a commutative square 

M Xg — ► M Xh 

Km i i K M 
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which is Cartesian if X^ is flat. Similarly, (1.6.4) means that if a normal subgroup H of G acts freely on a 
G-complex M then the quotient map <fi : G — > G/iJ induces a commutative diagram 



G/H 



7T 

" M/H 



Formally, Mx G , Xg an d 71 M behave exactly in the same way that Mq, BG and the canonical fibration 
Mq — > BG do in a completed theory. 

(1.7.6) For any triple (M, A, B), B C Ad M, of finite G-complexes (1.5.4) and functoriality give an exact 
sequence 

... -> E11 G (M, A) -» E1P G (M, B) -» Ell G (A, B) Elljt^M, A) — ► ... 

(1.8) Chern classes. If H is another Lie group and P — > M is a G-equivariant principal _ff-bundle over a 
G-space M, then (1.6.1) gives a regular map 

cp : M Xg — Px GxH — > ^GxH — > 

We call this map the characteristic class of P. In particular, if V is a G-equivariant vector bundle over M of 
rank r with Hcrmitian form in the fibers, then the principal J7(r)-bundle of orthonormal frames in V gives 
a map cy : Mx G — > -B^' • It is clear that 

CV<SW = Cy Cvi/, Cy^w = Cy ® C\y , 

where © and <g> on the right hand sides of the equalities are defined as follows : 

® : E (ri) x E [r2) -> E [ri+r2) , the symmetrization map, 



® : x#) -£(™>, ({si,... ) a: ri },{i/i,...,^})^{a: i +i/ J -}. 

By a coordinate on £7 we mean a rational section / of the line bundle (where p : E — > 5 is the 

projection) with the following property: 

(1.8.1). Tiie section f is regular near C E and the differential d E /s(f)> being restricted to 0, coincides 
with the identity map ui^ 1 — > 

Thus, on each geometric fiber E s ,s G S, a coordinate / gives a rational function but with values in 
the tangent space T E S (very much like the logarithm in a Lie group). If E is equipped with a coordinate, 
then for any G-equivariant vector bundle V on a G-space M and any i > we have its equivariant Chern 
class c{(V) which is a rational section of the sheaf E11 G (M) regular near 0. The class c{(V) is described as 
follows. Namely, let p r : E^ — > S be the projection and cr,(/) be the rational section of the bundle p*lo®(~ 1 "> 
on given by (Ti(f)(xi, ...,x r ) = c7i(/(xi), ...,/(x r )), where Ui is the ith elementary symmetric function. 
We define c{ to be the pullback of the <7i(f ) with respect to the map cy : Mx G — ► This is a section 

of the bundle n^io®^^ on M^ G , i.e., a section of Ellg(M) on A? G . It is clear that the Chern classes thus 
defined satisfy the usual properties. In particular, it follows that the non-equivariant theory Elli becomes 
complex oriented. The corresponding formal group law is the series 

F(x,y) = x + y + ]T a^y\ ay G H°(S, u^'" 1 ) = Ell" 2t - 2]+2 (pt), 

i+j>2 

giving the addition theorem for /, i.e. f(u + v) = F '(/ (u) , / (v)) . 

A similar construction with / a section of a non-trivial line bundle on E gives the Euler class (see (2.6)). 
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(1.8.2) Example. Let M = pt and V — C be a vector space, G = U(l) n be a torus acting on V via 
characters 61, 9 r . Let Xg i : E n — > E be the morphism of algebraic groups given by the exponents entering 
into 9i. Then 

c v = X 6l © Xg 2 © ... © ^ r : E n 

(1.8.3) Remarks. 

(1.8.3.1) The formal germ at of a coordinate / gives an element of Ell^CP 00 ) (just recall that E11°(CP°°) 
is the completion of Oe at E E) and the differential d E /sf\o along corresponds to the image of this 
element in Ell^CP 1 ) = Ell^ (pt) = Os- So the above choice of the notion of coordinate exactly corresponds 
to the concept of a complex orientation in topology, as explained in [AHS] . 

(1.8.3.2) There are several versions of elliptic cohomology considered in the literature, for instance, "clas- 
sical" elliptic cohomology related to the Jacobi sine and points of order 2, Hirzebruch's level N elliptic 
cohomology etc, see [Lan], [HBJ]. From our point of view, the difference among them is the artefact of the 
choice of coordinate, which is made to pass from a formal group ( a group object in the category of formal 
schemes) to a formal group law (a power series F{x, y)). Namely, an elliptic curve E by itself docs not have 
any preferred coordinate and so does not define any formal group law. One natural choice of a coordinate 
is associated to a point 77 6 E of order 2. This is the function (Jacobi sine) on E having simple zeroes at 
and X) and simple poles at the two other points of second order. This choice of coordinate leads to the level 
2 elliptic cohomology. In a similar way, a surjectivc homomorphism (3 : En — ► Z/N, where En is the set 
of TV-torsion points on E, gives a coordinate / with simple zeroes on /3 _1 (0) and simple poles on /? _1 (1), 
and this choice of / leads to the level N elliptic cohomology of Hirzcbruch [HBJ] . In our approach there is 
exactly one elliptic cohomology theory associated to a given elliptic curve. 

(1.9) Cohomology of projective and flag bundles. Let M be a finite G-complex and V be a G-vector 
bundle on M, of rank r. We can assume that V is equipped with an Hcrmitian metric in the fibers. Let 
Fr(V) be the space of orthonormal frames in V. It is acted upon by G x U(r). The projectivization P(V) 
is the quotient Fr(V)/f/(l) x U(r - 1). Thus (1.6.4) gives 

(1-9-1) P(V)x a =MV)x axUll)xUlr _ 1) , M Xa =Fr(V) XGxUir) . 

Consider the embedding <p ■ G x U(l) x U(r — 1) G x U(r). From (1.7.5), the corresponding map 
X<p ■ ^GxU(i)xU(r-i) ~^ ^GxU(r) is j us t the symmetrization map Xq x E x ij( r_1 ) — > Xq x E^ r \ This map 
is flat and therefore 

(1.9.2) P(V) Xg = Fr(V) XGxUWxU(r _ 1} - Fr(V)x GxU(r) x XQxU(r) X GxU[1)xU(r _ iy 

Thus, since Fr(V)x GxU(r) = M Xg , we get the following Cartesian square 

P(V) Xg — > fixfiH) 
(1-9.3) I I 

Note that the map P(V) Xa — ► M Xa x E is an embedding. 

If we choose a coordinate / on E (by shrinking S, if necessary), then we get Chern classes cj(V) G 
r ro t(EU £ j(M)) and (1.9.3) yields, after passing to the completion at 0, the standard description of the 
(completed) equivariant elliptic cohomology of P(V") in terms of Chern classes. 

In a similar way one can treat general flag varieties. Let r = (n, ...,r n ) be a positive integer vector 
such that ^2 r i — r i an( i l°t Fr{V) be the variety of flags of subspaces V\ C ... C V n in fibers of V such that 
dim(F i /F i _i) = n. Let E^ = T\E^\ Then we have a Cartesian square 

F r {V) XG — » £W 
(1-9-4) I I , 

M Xg — > E^ 

where the right vertical map is the symmetrization. 
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(1.10) Examples. 

(1.10.1) Let M = pt and V = C r be a vector space, G — U{\) n be a torus acting on V via characters 
XIj—iXd so that Xi is taken m times. Then P(V)x G — [jT^ 1 ^ where I\ C E n+1 is the graph of the 
homomorphism of algebraic groups 4>i : E n — > £^ given by the exponents entering into Xi an d the superscript 

means the /i^th infinitesimal neighborhood. The natural map 

P(V) Xg =\jT l ^ ] ^ E n = X G 
is just the natural projection of the graphs of the homomorphisms onto the domain. 

(1.10.2) Let G = U(n), and M be the projective space CP™ -1 with standard action. Then n M : Mx G — > Afc 
is the canonical projection E x — > i?( n ). 

(1.10.3) Let G = U{n) and M be the G-manifold of complete flags in C™ with standard action. Then 
7r M : M^- G — > Xq is just the canonical projection E n — ► i?( n ). Let be a character of the torus = f/(l) n 
and Lg = G x H Cg the corresponding line bundle on M. From (1.7.3) and (1.8.2) the characteristic class 
cl„ ■ E n — > E is the homomorphism of algebraic groups, given by the exponents entering into 9. 

(1.11) Grojnowski's construction. We sketch a construction of equivariant elliptic cohomology, Ell^(M), 
for a compact torus T = S 1 x . . . x S 1 acting on a a space M. In general, if G is a connected compact group, 
T a maximal torus in G, and M is a G- variety, we have by (1.4.5) Xq — Xt/W. Accordingly, we set by 
definition 

Ell G (M) := m° T (M) w , 

Fix an elliptic curve E, viewed as a 1-dimensional complex Lie group. Let exp : Liei? — > E be the 
(non-algebraic) exponential map. A choice of basis in the lattice Kerexp yields, via the exponential map, 
an isomorphism E ~ C/(Z + tZ). View C ~ Liei? as a 2-dimensional real vector space R 2 . Then the 
isomorphism above gives a real Lie group isomorphism 

S'xS 1 ^^ , R/Z x R/Z 3 (x,y) ^ x + r -y mod(Z + rZ) (1.11.1) 

The natural 5*L2(Z)-action on R 2 induces an action on S 1 x S 1 ~ R/Z x R/Z by the formula: 

(° 6 J : (u,v) ^ (u a v\u c v d ) , u^eS 1 
c a 

It is immediate from this formula that the subgroup in 5* 1 generated by u and v depends only on the SX 2 (Z)- 
orbit of (u, v) E S 1 x S 1 and not on a particular representative. Hence, this subgroup is independent of the 
choice of basis in the lattice Ker(exp). Thus, to any element e E E we can associate canonically a subgroup 
in S 1 defined as follows 

(e) ={u a -v\ a,be Z}, (l-H-2)) 

where the pair (u, v) corresponds e under isomorphism (1.11.1) 

Now let T be a compact torus, and T = Hom(S' 1 , T) the lattice of 1-parameter subgroups in T. Then, 
by (1.4.2) we have canonical isomorphisms 

T = S 1 (E) Z T , X T = E®zT (1.11.3) 

Combining these isomorphisms with (1.11.1) we get a chain of group isomorphisms 

ESzr-fS'xS^zr-TxT (1.11.4) 

Let x € E <8>z I\ and let (31,32) £ T x T be the pair corresponding to x via the above isomorphism. The 
trivial, though crucial, observation, based on formula (1.11.2), is that, the subgroup (x) C T generated 
by gi and 32 is canonically associated with x, and is independent of the choice of basis in the kernel of 
exp : Liei? — > E. 
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Let M be a T-space. For any pair gi,<?2 € T write M 91 ' 92 for the set of points of M simultaneously 
fixed by g\ and <?2- By the remark in the previous paragraph, this fixed point set is totally determined by 
the corresponding point x € E ®z I\ so that we may (and will) write := M 91 ' 92 

To define Xt{M) as a complex analytic scheme we have, by (1.4.1), to construct a an analytic sheaf of 
algebras on E ®z T in the Hausdorff topology. The geometric fiber of this sheaf at a point (x) e E ®z T 
will be the finite dimensional C-algebra H* [M^), the ordinary cohomology with complex coefficients of 
the simultaneous fixed point set of the pair ji,§2 6 T canonically associated to x £ hieE ®z T.. To glue the 
fibers together in an analytic sheaf, suffices it to define, for any point x G E ®z T and a small enough open 
neighborhood U C E ®z T, the space r(J7, Ell^(M)) of its holomorphic sections. 

Let t c be the complexified Lie algebra of the torus T. By (1.11.3) we have a canonical isomorphism 

(t c )~Lic£® z r (1.11.5) 

Fix a point x € E ®z T and its small connected neighborhood U, as in the previous paragraph. Let U be a 
connected component of the inverse image of U under the natural exponential map 

exp : t c = (LieE) ®z T -> E ® z T 

This map gives an analytic isomorphism U U, provided U is small enough. 

Further, write H^(-) for the T-equivariant cohomology functor. Recall that, for any T-space Y, the 
cquivariant cohomology H^(Y) has a natural (pt) -module structure. It is known that H^(pt) = C[t c ], is 
the polynomial algebra. We view the polynomial algebra as a subalgcbra of the sheaf , 0% ™ , of holomorphic 
functions on t c . 

Now given a point iefi ®z T and its small connected neighborhood U, following Grojnowski, we set 

r(t/,EE°(M)) := T{U,Or c ) ® 0[to , H* T {M^), 

where := M 2 is the simultaneous fixed point set of the pair 51,52 € T canonically associated to 

x E (LicE) (g)z r. The arguments above show that the RHS is well defined and is independent of the choices 
involved. 



2. Thorn bundles and Gysin maps. 



(2.1) Thorn bundles. Let M be a finite G-complex and V be a complex G-vector bundle over M of rank 
r. The Thorn space Th(V) is the quotient P(V C)/P(V). The relative elliptic cohomology F,\l° G (P(V © 
C),P(V r )) is a sheaf of modules over E11 G (M) and thus has the form 7r M<i 6(V r ) for a uniquely determined 
coherent sheaf Q(V) on Mx G - This sheaf turns out to be invertible, and the following description of it 
is immediately deduced from the long exact sequence of cohomology and the description of cohomology of 
projective bundles given in (1.9). 

Consider P(V)x G as a codimension one subscheme in Mx G x E. Let Dy be the (effective) divisor in 
Mx G x E formed by irreducible components of this subscheme with multiplicities naturally given by the 
scheme structure. We denote by 0{— Dy) the invertible sheaf on Mx G x E whose sections are functions 
vanishing along Dy (with the multiplicities prescribed by the divisor). Then 

(2.1.1) Q(V) = fO(-Dy), where j : M Xa -» M Xa x E takes x ^ (x,Q). 
It follows that 

(2.1.2) e(vev') = G{v)®e(V), e(v*) = e(v). 
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The first of the above equalities allows us to extend to a group homomorphism Kq{M) — » Pic(M^ G ), 
i.e. to take V to be a virtual vector bundle. The product in cohomology (see (1.4.3)) and the contravariant 
functoriality with respect to the projection Th(V) — ► M, see (1.4.1), gives a sheaves morphism on Xq 

(2.1.3) eUq(m) ® 7r M ,e(y) Eir G (Th(y)). 

One proves, glueing along the G-cells of M, that (2.1.3) is an isomorphism. It is the (twisted) "Thorn 
isomorphism" . 

In particular, when V is trivial as a vector bundle, i.e. comes from a representation V of G, the Thorn 
space Th(V) is the "^-suspension" T, V (M) in the sense of torn Dicck [Di] (see also [LMS]). So (2.1.3) replaces 
the datum (c) from Section 1 of [Di]. 

(2.1.4) Examples. 

(2.1.4.1) Let G = U(n) and M be the G-manifold of complete flags in C™ with standard action. Given a 
non-trivial character 9 of the torus H = U{l) n let L$ = G x H Cg be the corresponding line bundle on M 
and Xg : E n — > E be the homomorphism of algebraic groups given by the exponents entering into 9. Then 
(see (1.10.3)) 

O(Lg) = O e 4-Kct Xg) e Pic (E n ). 

Let M Th(L$) -A M be respectively the inclusion of the zero section and the projection. The pull-back 
morphism i* : O E „ (— Kcr Xg) — > E „ can be seen as a holomorphic section of E „ (Ker Xg). Since i* admits 
a right inverse, ir* , the divisor of this section is precisely Ker Xg. 

(2.1.4.2) Let G a compact Lie group and M a connected manifold with trivial G-action. Thus, 

tt m : M Xg = M s x X G > X G 

is the second projection (here S = X^ is the modular curve). Let V be a G-equivariant complex vector 
bundle of rank r on M. Since the character group of G is discrete, the action of G on the fibers of V is 
constant. Denote C r g the representation of G on a fiber of V, and 9 : G — > U(r) the corresponding morphism 
of groups. Let Q(C r e ) £ Pic(<Y G ) be the Thorn bundle. Then, S{V) = 7r^6(C;). 

(2.2) Tubular neighborhood and elliptic homology. Let (M, N) be a finite G-pair. We denote by 
<d l N {M) the coherent sheaf on N Xa such that w Ntc Q%(M) = E11 G (M,M \ N). (We can replace N by a 
small G-stable tubular neighborhood T and consider E11 G (M, M \Int(T)), so as not to leave the category of 
CW-pairs). 

In the particular case when N =— > M is an embedding of complex manifolds with G acting by holomorphic 
transformations, 0$(M) = 9(TjvM) ® is the twisted Thom sheaf of the normal bundle of N in M, 

and 6^ +1 (M) = 0. In general, the graded sheaf Q N (M) = 0. ©V(-W) is tne elliptic analog of the Borel- 
Moore homology of N. It depends, however, on the ambient space M. In particular, if M is a G-manifold 
and F C X C M are closed G-subcomplexes of M, the analogue of the long exact sequence in homology 
associated to X 7 F and U = X \ F is the following exact sequence of sheaves on Xq (see (1.7.6)) : 

(2.2.i) ... - ^ev(M) - 7r x ,e^(M) - tt^gmm \ f) 7r F ,e^ +1 (M) - ... 

We have an obvious map of sheaves on Ac 

Tr^e^M) = E11 G (M, M \ N) - E11 G (M) 

which (for smooth TV) can be seen as a particular instance of direct functoriality (Gysin map) for elliptic 
cohomology. Let us consider this in general. 

(2.3) Gysin maps. Let (f> : Ad — > N be a holomorphic map of complex G-manifolds, and d = dim M— dim TV 
be the relative dimension of <j>. The contravariant functoriality with respect to </> gives a morphism of schemes 
<t> x : Mx G — ► (sec (1.7.4)). As such, it consists of a morphism of topological spaces (still denoted <p x ) 
and a morphism §~ x x On x Om x of sheaves on Mx G - Let us denote by ®(<j>) the Thom sheaf on Mx G 
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corresponding to the virtual vector bundle <fi*TN — TM on M. If (f> is proper, the direct image (or Gysin 
map) is a morphism 

(2.3.1) 0.:6(0)->^O^ o 

of sheaves on Mx G - The construction is achieved in a standard way, by factoring <j) through G-equivariant 
complex oriented embedding into a Euclidean space and then considering the tubular neighborhoods [LMS] . 
Equivalently, we can view 0* as a morphism 

(2.3.2) <j>*:cj> XG Q(<j>)^0 NxG 

of sheaves on Nx G - This last map of sheaves is a homomorphism of On x -modules. This condition is the 
analog of the projection formula for the ordinary Gysin morphism. Taking the projection to Xq, one gets 
the following morphism of sheaves on Xq 

(2-3.3) * M M4>) - * N *0 Nxr = E11 G (A0 



(2.4) The direct image of a composition. The formula (V^)* = "4>*(f>* for direct images in traditional 

theory is modified in our sheaf theoretic approach as follows. Let M — > N L be two morphisms of complex 
G-manifolds. Then 

(2.4.1) e(#) = ew®^ew, 

and we have a natural commutative diagram : 

(2.4.2) 0»®ld I I (V>0)* 

^v„ew>) ^ Eii G (i) 

A little bit more transparent view of direct images and their composition properties can be obtained by a 
certain twisting described in the following 

(2.4.3) Proposition. For every commutative diagram of proper morphisms of complex G-manifolds 

M -U N 
a \ / (3 

Y 

the direct image map 0» gives rise to a morphism <ft* : -n: MSf Q{a) — ► tt n ^Q(/3). The correspondence 
M i ► 7r Mit O(a) extends to a covariant functor from the category of complex G-manifolds over Y (in which 
morphisms are commutative triangles) to the category of sheaves on Xq. 

(2.4.4) Remark. Let / : M — > N be a map between to G-manifolds M and N and let V be a G-vector 

f i 

bundle on N. Denote by i : N V the zero section. By applying (2.4.1) to M — > N — > V we get 

re(v) = f*Q(i) = e(if)®G(f)- 1 . 

Then, a simple computation gives : /*0(V") = 0(/*V). In other words, is a morphism of contravariant 
functors. 

(2.5) The singular case. We define Thorn sheaf and Gysin map for any proper map possibly singular 
complex algebraic G-varieties by including -0 into a commutative diagram 

sir 

(2.5.1) 3 j Ik 

M ± N 
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where j, k are closed embcddings, M, N are smooth. Then we define 



(2.5.2) e(vo - e( 3 )®Hom(r XG e(k),r XG e^)). 

It is easy to verify that such a definition of 6 ("(/>) is indeed independent of the choice of j, cf> and k. All the 
statements of (2.2-4) extend to this case without any further modifications. Note that with this definition, 
for any diagram of proper morphisms of form (2.5.1) we will have equality (2.5.2). 

(2.6) Euler class. Let M be a finite G-complex and V be a complex G-vcctor bundle over M. Let 
i : M > V be the zero section. The morphism of schemes i x : Mx G — » Vx G is an isomorphism by the 
homotopy invariance of elliptic cohomology. The map i is proper. The Gysin map : Q(V) — ► i x Ov Xg — 
Om Xg can be seen as an regular section of the line bundle Q(V) on Mx G - Denote this section by ey G 
H°(Mx G , <d(V) 1 ). In our situation, ey is the analogue of the usual Euler class in equivariant cohomology 
or K-thcory. In particular, if V and W are complex vector bundles on M one has ey®w = ey <8> &w as a 
section oi<d(y ®W) X = 6(V) _1 <g> 6(W0 _1 . 

(2.6.1) Example. Let 9 : G — > U(l) be a character of G. Take M = pt and V = C e the corresponding 
one-dimensional representation of G. The characteristic class of C„ is the group homomorphism X g : X G — > 
= E 1 . Thus, 6(CJ = O(-Kcr^) G Pic(Af G ). The same argument as in (2.1.4.1) shows that the Euler 
class e c is a regular section of C(Kcr X e ) over with zeros precisely on Ker X a . Note that Ker X g = X Ket e 
(see (1.4.4)). 

(2.7) Action of correspondences on elliptic cohomology. By a correspondence between smooth 
complex algebraic G-varieties Mi and M 2 we mean a G-stable (possibly singular) subvariety W C Mi x M 2 
such that the projection q 2 : W M 2 is proper. Any correspondence defines a morphism of sheaves on Xq 

(2.7.1) n w M<b) — Wom^ (E11g(Mi), E11 g (M 2 )), 

which is defined as follows. Given any (local) section s of 6(q 2 ) on Wx G and a function g on Mi^ (i.e., a 
section of EUg(Mi)), we first lift g to a function on W0f G by means of the scheme map Qi x '■ Wx G — ► Mi^ 
associated to the first projection q\ : W — ► Mi. Multiplying by s, yields another section of 6(92), and 
applying g 2 „ we get a function on Mi_^ G . 

Given two correspondences Wu C Mi x M 2 and W 23 C M 2 x M 3 , define their composition as the 
correspondence 

W 12 o W23 = {(mi,m 3 ) e Mi x M 3 3to 2 G M 2 s.t. (m 1 ,m 2 ) G VK i2 , (m 2 ,m 3 ) G W 23 }. 

Let (/2 : W12 — ► M2, 93 : VK 23 — > M 3 and q 3 : W13 = W12 o W23 — ► M 3 be the second projections. The 
composition of actions of correspondences on EIIg lifts to a morphism of sheaves on Xq 

( 2 - 7 - 2 ) *w 12 ®(<l2)®ir W23 e(q3) - Tr^Gfo) 

which is defined as follows. Consider first W12 x Ma W23, the fiber product of W23 and W12 over M2. Then 
we have the diagram 

W 12 x M2 W 2 3 ^ W23 ^M 3 

912 I I 

W12 M 2 

9i i 
Mi 

The diagram yields 

©(93923) = 91*26(92) ® 9 23 ©(93), 
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and thus we have a multiplication 

*W 12 , ) ® ^W 23 * 6 ) - ^ 12 x M2 W23 , 923 ) • 

The map (2.7.2) is obtained by composing this multiplication with the map 

induced, as in (2.4.3), by the natural projection W12 x W23 — > W13. The maps (2.7.2) are associative in 
an obvious sense. In particular, if Mi = M 2 = M 3 = M we get 

(2.7.3) Proposition. If W C M x M is a correspondence such that W oW ~ W, then TT w ^Q(q 2 ) has a 
natural structure of a sheaf of associative algebras on Xq. 

(2.7.4) Remark. The morphism (2.7.1) is nothing but the particular case of (2.7.2) corresponding to 
Mi = pt. 

(2.8) Lagrangian correspondences and their action on Ello We will apply a slight modification of 
the formalism above to the cotangent bundles. Given a complex manifold M, let TM (resp. T*M) denote 
its tangent (resp. cotangent) bundle. Write T\yM and T^M for the normal and conormal bundles of a 
submanifold W C M. It is well known that T*M is a symplectic manifold, and T^M is a Lagrangian 
submanifold in T*M. 

Let Mi,M 2 be two smooth complex algebraic G-varieties N\ = T*M\, N 2 = T*M 2 - By a La- 
grangian correspondence between N\ and N 2 we mean a G-stable possibly singular Lagrangian subvariety 
Z C T*(M\ x M2) whose projections to T*M\,T*M.2 are proper. In this case we have the diagram 

(2.8.1) Mi T*M 1 Z ^ T*M 2 M 2 , 

where tt\ is the projection of the cotangent bundle, and « 2 is the zero section. To a Lagrangian correspondence 
Z we associate the coherent sheaf 

(2.8.2) E z = 0(p 2 ) ® e(^7r*T*Mi) <g> Q(p*ir%T*M 2 )- 1 = 

= 6 z (T*(Mi x M 2 )) ® e^TrJ-T'Mi)- 1 <g> e(p£7r£T*M 2 ) _1 
on Z;t G called the microlocal Thorn sheaf oi Z. There is a map 

(2-8.3) tt z ,H z ^Hom XG {K Mi Q{T*M 1 y\* M2 Q(T*M2)- 1 ) 

defined as follows. Suppose we have a local section of E z which we take in the form a®b® c according to 
the factorization in the first line of (2.8.2). Given a section s of 0(T*Mi) _1 , the product sb is a function 
on Mi Xg , we lift it to Z Xq by ^\ Xq and Pi x , then multiply by a, getting a section of 6(p 2 ), project along 

P2, getting a function on (T*M 2 ) Xa , pull it back to M 2xg by %i Xg '■ ^-i Xa (r*M 2 )_ ¥G , and multiply it 
with c, getting a section of 0(T*M 2 ) _1 . 

As for the non-modified case (2.7.2), given two Lagrangian correspondences Zyj, C N\ x 7V 2 , Z 23 C 
N 2 x A^ 3 , and their composition Z\$ = Z\ 2 ^23, the composition of actions of correspondences on Thorn 
bundles as in (2.8.3) lifts to an associative morphism of sheaves 

(2.8.4) 7T„ S_ ® 7T„ EL — > 7T„ S_ . 

v ' z 12 * z 12 z 23 * z 23 z 13 * z 13 

In particular, if Mi = M 2 = M we get the following : 

(2.8.5) Proposition. If Z C T*M x T*M is a Lagrangian correspondence such that Z o Z = Z , then 
TT Zit E z has a natural structure of a sheaf of associative algebras on Xq, and w M „9(T* M)" 1 is a sheaf of its 
modules. 

A natural example of a Lagrangian correspondence is obtained as follows. Let W C Mi x M 2 be a 
smooth closed submanifold whose projections qi and g 2 to Mi and M 2 are proper. Take Z = T^(Mi x M 2 ). 
Then Z is a Lagrangian correspondence between N\ and AT 2 while W is a correspondence between Mi and 
M 2 . We have 
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(2.8.6) Proposition. Under the above assumptions, the sheaf S z is naturally identified with Oz Xq ■ 

Proof. The zero section map i : W — > Z = T^(M\ XM2) is a G-homotopy equivalence, so i x : Wx G — > ^A" G 
is an isomorphism of schemes. Thus it suffices to proove that i* XG < d(p2) — Ow Xg ■ Recall that 6 factors 
through Kq(W), the Grothendieck group of G- vector bundles on W. Denoting by [V] the class in Kq(M) 
of a bundle V, we find 

gJpTMi] = [T* 92 ] + [T* (Mi x M 2 )]. 
Since is insensitive to the dualization (see (2.1.2)) we get 

(2.8.7) e(q 2 ) ® 6( 9l T*M 1 ) ® e(i)- 1 = CV* G ■ 
In another hand, formula (2.4.1) applied to the commutative square 



i T T *2 

VF M 2 

gives 9(qr 2 ) <gi g 2 * c 9(i 2 ) = 6(i) <g> i* c 6(p 2 ). Combining it with (2.8.2) and (2.8.7) we get «* G S Z = Ow X(3 ■ 
(2.8.8) Remarks. 

(2.8.8.1) If W C Mi x M 2 is a smooth locally closed submanifold and Z = T^ tr (M 1 x M 2 ) set <9Z = Z \ Z 
and define 

~z = & Z {N! xN 2 \ dZ) ® G^Trfr'Afi)- 1 ® 0(p57r5T*M 2 )- 1 . 
Then we still have = Oz x ■ 

(2.8.8.2) Let Z' be a G-stable Lagrangian subvariety of Z. Let i : Z' — > Z and p' 2 : Z' — > M 2 be the 
inclusion in Z and the projection to M 2 . Formula (2.4.1) gives 

S z , =6(i)®i: c S z . 

Thus, the Gysin map induces a morphism i x H z , — ► S z which commutes with the action of 7r z>t S z and 
7r z ,^S^ on elliptic cohomology, as described in (2.8.3). 

(2.8.8.3) The morphism (2.8.3) is nothing but the particular case of (2.8.4) corresponding to Mi = N\ = pt. 

(2.9) Localization. Suppose that G is a compact Abelian Lie group and M a complex smooth manifold. 
For any g £ G put X g = Xg \ U Xh, the union beeing taken over all the closed subgroups H of G not 
containing g; the set X g is non-empty (see example (1.4.4)). The fixed-points set M 9 is a smooth complex 
subvariety of M. Let i : M g °-> M be the inclusion map; it is a proper map. 

(2.9.1) Proposition. For any g £ G, the Gysin map i* : ~K M9t ®{T Mg M) — > E11g(M) is an isomorphism 
over X g C A^g- Besides, the morphism of sheaves : ir M9:t G(T Mg M) — > E11g(M 9 ) is the multiplication 
by the Euler class z TMgM an d J 's invertible over X g C 

Proof. Denote by j : M \ M 9 — > M the inclusion. The long exact sequence (2.2.1) gives : 

... ^> Tr^.e^T^M) ^> E11 G (M) £ E11 G (M \ M 9 ) ^ ir Mg „& +1 (T M9 M) - ... 

So it suffices to prove that, as a sheaf over Xq, E11 g (M \ M 9 ) is supported on Xq \X g . By a standard 
argument we are reduced to the case where M\M 9 is a G-orbit, say G/H , with g £ H. Then, we know from 
the induction axiom (1.6.2) that Ell G (G/7?) = Ox H - Thus, the first part of the proposition follows from 
Xh flifj = 0. The second part of the proposition is a direct corollary of the construction of Euler classes 
(see (2.6)), except for the invertiblity over X g which follows from standard arguments and (2.6.1). 

Let / : Mi — > M 2 be a proper morphism of complex smooth varieties. Proposition (2.4.3) applied to 
the diagram 
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Mf ^ M 1 
Pi If, 
Mf ^ M 2 

where i lt i 2 are the inclusions and f 9 is the restriction of / to Mf and Mf , gives the following commutative 
square 

n M? e(TMf)- 1 
(2-9.2) 1 * ft I 

n M9 e(TMl)" 1 

2 * 

where £ 1# and z 2s|t are given by multiplication by e T M and e T aM2 . The particular case of the projection 
p : M — > p£ gives the Lefschetz-type formula : 

(2-9.3) V S G7r Mst e(p), P.(*)=rf(*-e;^J 

where s • e T ^ sM is a meromorphic section of 7r M9 ^©(p 3 ) without poles on C 

(2.10) Localization of correspondences. Suppose that G is a compact Abelian Lie group. Let Mi,M 2 , 
two smooth complex algebraic G- varieties and W a correspondence between M\ and Mi, i.e. a G-stable 
(possibly singular) subvariety W C Mi x M 2 such that the second projection, q 2 , is proper. From formula 
(2.4.1) we get 

6(g 2 ) = Qw(M 1 x M 2 ) ® 9(?*TM 1 )" 1 . 

For any g £ G, denote by i the inclusion W 9 VF. The contravariant functoriallity of EIIg with respect to 
the inclusion of pairs (Mf x M 9 , Mf x M 9 \W 9 ) C (M x x M 2 , M x x M 2 \ W) gives a morphism of sheaves 
over W x 

i* : Ow(M 1 x M 2 ) - i^Gy^Mf x Mf). 
It induces a morphism of sheaves 

e(g 2 ) - i, ,e w .(Mf x Mf ) ® e^TM^ 1 = i Xat (e(<g) ® e(«f* r Mf Mi)" 1 ). 

The Euler class e T is a regular section of 0(T M gMi) \ Thus, multiplying by e 1 gives a rational 

1 1 1 

morphism of sheaves r g : TT w „Q(q 2 ) — > 7r wg t Q(q 9 ). 

(2.10.1) Proposition. For any g G G, the map r s : ^^©((k) — > T^ys*©^) is regular and invertible over 
X g . Moreover r g commutes with the product of correspondences, as defined in (2.7.2). 

Proof. The first part of the proposition follows from (2.9). With the notations of (2.7.2), the second part is 
reduced to the commutativity of the following diagram 

ir Wl2 e(q 2 )®K W23 e(q 3 ) ^ tt^ 0(<?f ) ® tt^ 0(gf) 

12 H= 23 * 

(2-10.2) | | 

'w ia .e(?,) ^ v e(5») 

id * 

whose proof is done exactly as in equivariant K-theory (see [CG; Theorem 4.10.12]). 

(2.10.3) Similarly, if Ni = T* M\, N 2 = T*M 2 , and Z C ATi x iV 2 is a Lagrangian correspondence, the 
Proposition (2.10.1) has the following analogue, with the notations of (2.8) : contravariant functoriality with 
respect to the inclusion, i, of fixed points subvarieties gives a map 

z* : Qz{N t x N 2 ) i Xg Qz*(N° x 
14 



^> tt Mi t 8(TMi)"' 
I /* 



By composing it with the product by e 7 , 1 ®e T 1 , we get a rational morphism of sheaves p g : n z ^ z — > 
7r zg>it S zg , which is regular and invertible over X g and commutes with the product of correspondences. 



3. Geometric construction of current algebras. 



(3.1) Let X be a smooth irreducible complex algebraic variety. For any d > we have a natural projection 

7T : X d -> = X d /S d , 

where X^ is the d- fold symmetric product of X. For any coherent Ox-sheaf T we construct coherent 
sheaves T^) and F^ on X (d "> as follows : 

where pr i : X d — > X is the ith projection. Thus the geometric fiber of jr(® d ) (resp. J 7 ^®^) at a point 
/ = {ii,..,i (( }?l( ,i ) is given by Ke/ F x (resp. ® xeI T x ). 

(3.2) Let £/ be a locally free Ox-sheaf of Lie algebras (with bracket not necessarily Ox-linear). Then <j(® d ) 
has an obvious structure of a sheaf of Lie algebras on X^ d \ Given a locally free Ox-sheaf M. of Q- modules, 
we find, in the same way, that MS® d ^ is a sheaf of £( ffid )-modulcs so that there is a natural Lie algebra 
morphism 

(3.2.1) -» £ndM (m) 

For instance, if X is a point, then Q is a finite-dimensional Lie algebra, M is a finite-dimensional 
^-module, = Q, and = S d M. 

Observe that for any open set U C X we have the "diagonal" homomorphism of Lie algebras T(U, Q) — > 
r(t/( d ),g(® d )). Hence the space T(U^ d \ M^) acquires a natural structure otT{U,G)- module. 

We will be mainly concerned with the case g = £nd{M), where M is (the sheaf of sections of) a vector 
bundle on X. For any open U E X the above construction makes T(U^ d \ M^® d ^) into a representation of 
the "current algebra" T(U,£nd(M)). 

(3.3) We recall the general formalism of sheaf-theoretic correspondences. Let s : V — > S be a finite morphism 
of normal algebraic varieties. Form the Cartesian product M — V Xj V and let M be the normalization of 
M. We have the natural commutative diagram of projections 

M ^ V 

r 

9i i \ I s - 

V ^ s 

We view M as a correspondence from V to V. Let V be a vector bundle on V. We define the following 
sheaves on S : 

W = s*V, g = r f Hom( 9 *V, g£V). 
The composition of Horn makes g into a sheaf of associative algebras on S, and W is a sheaf of (/-modules. 

(3.3.1) Remark. The structure of ^-module on W can be described in terms similar to those in (2.7.1). 
Indeed, fix s and g two local sections of Q and W. They can be seen as sections of Hom(q%V, q{V) and V. 
Lift g to a section of q[V and apply s to it, wc get a section s(g) of q%V. Now, since q 2 is flat and finite and 
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V is locally trivial we have a trace map (fe*?^ — * J us t take the image of s(g) by this trace. This way we 
obtain a Lie algebra map 

(3.3.2) Q -» £nd(W) 

which is clearly injective by construction. 

(3.4) Let now q : Y — > X be an unramified covering of a smooth irreducible variety X ( Y may be 
disconnected), C a line bundle on Y and Ai = q*£. In the setup of the previous section, we put S = X^ d \ 

V = Y (d \ s = : -> the map induced by q. Put also V = Q = £nd(M), so that 
W = and 

C? = r*rLom{q*C® d ,qlC® d ) ^ £nd{M® d ). 

The normalization MofM = Y"( d ) x x(ti ) Y~( d ) is in this case nothing but (Y Xx Y)( d \ the symmetric power of 
the smooth variety Y x x Y. The - action on M { ® d) defined in (3.2), gives a map g^ -> £ nd(A^ (0<1) ). 

(3.5) Theorem. There is a natural Lie algebra homomorphism r : C?(® d ) — > ^ of sheaves on X^ making 
the following diagram commute: 

1 / (3-3.2) • 

Let U(L) denote the universal enveloping algebra of Lie algebra L. Applying the "diagonal" map to r, 
we get the first part of the following proposition : 

(3.6) Proposition, (a) For any open U C X , we have a Lie algebra homomorphism 

t v :T{U,g)^T(U {d \g). 
(b) The following homomorphism of associative algebras 

u{T{u,g))^T{u {d \g) 

induced by tjj , is surjective. 

Proof of Theorem 3.5 will be given in (3.11), the proof of the second part of Proposition 3.6 in (3.14). 

(3.7) Partitions and matrices. We need to introduce some combinatorial notation, to be used throughout 
the paper. 

Fix an integer d > 1. Let V C N™ be the set of all partitions v = (i>i, . . . , v n ) of d into n summands. For 
v G V let [v]j C {1, d} be the i-th segment of the partition v, i.e., the segment [vi+...+Vi-i+l, Vi+...+vi\. 
Let S v = S [v]i x ... x S [v]n be the Young subgroup in the symmetric group Sd, corresponding to v, i.e., the 
subgroup of permutations preserving each segment [v]j. 

Let M be the set of the (n x n)-matrices A = (a^ ) G Z" with non-negative integral entries such that 
J2i j a ij — d. For v 1 , v 2 G V we denote 

M(v\ v 2 ) = j A e M : a H = v l a ^ = v l }' 

3 i 

so that M = TJ v i v 2 eV M(v 1 , v 2 ). For any given v 1 , v 2 we have a natural map 

m = m vV 2 : S d — >M(v\v 2 ) 

which identifies M^v 1 , v 2 ) with the double coset space S v i\Sd/S v 2. Namely, m associates to a permutation 
o G Sd the matrix m CT with 

m£ = Card {a G [v 1 ], : a(a) G [v 2 ]^}. 
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Let us introduce a partial order ■< on M(v 1 ,v 2 ) as follows. For A = (a^) and B = (bij) in M(v 1 ,v 2 ) we 
say that A ■< B, if for any 1 < i < j < n we have 

^ ^ a rs ^ ^ ^ &rs 

r<*i ; s>j r<.i ; s>j 

and for any 1 < j < i < n we have 

r>i;a<j r>i;s<j 

The map m : Sd — > M(v 1 , v 2 ) is monotone with respect to the Bruhat order (denoted <) on the symmetric 
group; in other words, A < B => A ^ B for any A, B e M^^v 2 ) (see [BLM , Lemma 3.6]). The order ^ 
on M = JJM^v 1 , v 2 ) is the disjoint union of the orders on the components M(v 1 , v 2 ), i.e., the elements of 
different components are set to be incomparable. 

(3.8) The case Ai = O x . We are now going to consider a special case of the construction of (3.4-6). Let 
X be a smooth irreducible algebraic variety. Recall that X^ m ^ stands for the m-th symmetric power. For 
v e V set = Ui X{vi) - Similarly, given A e M(v\v 2 ) we set X (A ^ = W^X^ . so that one has 

natural projections 

(3.8.0) X^ 1 ) ^ X^ ?5 X^ 
We will also frequently use the following natural maps 

tt v : X^ -» X«, n A : X^ -» X«, Pij : X< A ) -» 

Put [n] = {1, 2, n}. Let Y = X x [n] and q : Y — > X be the natural projection. Put £ = Oy, so that 
M = O x . Thus G = glJOx) is the sheaf of maps X -> .g/„(C) and g^r,^,. 

Observe that Y( d ) = U ve v^ V ^- Hence, we get the canonical direct sum decomposition 

(3.8.1) = qi d) Y(d) = tt v ,O x(v) . 

V 

Following (3.3), we put 

M = x xW = ]J M v i iV 2, M v i ;V 2 = X^ x xW X^\ 

V 1 ,v 2 

The variety M v i v 2 is connected but reducible. The irreducible components of this variety are parametrized 
bynxn matrices A = \\aij j £ M(v x , v 2 ). For such a matrix A the irreducible component Ma is the closure 
of the set 

(3.8.2) |((/ 1 ,..,U(J 1 ,..,J n ))el( vl )xX^ U 7 "=U J "' \i,*r\J v \=a ll X 

The normalization of the variety is nothing but X^ A \ so the normalization of M is 

M = {Y x x Y) {d ^ = (X x [n] 2 )^ = JJ X (A K 

AeM 

For 1 < i,j < n let E^ 6 Mat„(Z) be the standard matrix unit (1 at the spot and elsewhere). 
For every partition v = (vi,...,v n ) of d and i ^ j consider the following integral n x n-matrix 

Aij(v) = di&g(vi,...,Vj-i,Vj - l,Vj+i,...,v„) +E i;j . 

Let M y = ]J veV X^ A *^ V ^. The projections py of the components give a map py : M l i — * X. For an open 
set U C X and / G 0(E/) we denote by p*./ the function / op^ on p"r. (JJ) regarded as a function on the 
whole II A U (A ^ C M (so this function is zero on components not in p^iJJ)). Similarly we denote by 
p*i(f) the function on ]J A C M which on components not of the form [/( dlag ( v ^ is equal to and on 

the component [/( dia s( v )) = U (v ^> is 

xeii 

We denote also by Eij(f) the section Eij ® / of Q = gl n {Ox)- 
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(3.9) Theorem. The assignment Eij(f) p*-f yields a Lie algebra homomorphism tu : T(U, Q) — > 
r(f/( d ),^) making the following diagram commute : 

T(U, G) i3 ^ } r(U<- d \£ndM^) 
ru i / (3.3.2) 

r(u^ d \g) 

Proof. Since the map r(J7< d \e) -> r([/( d \ 5 ndM { ® d) ) is injective by (3.3), it is enough to show that the 
image of each Eij(f) under iy comes from an element of T{U^ d \ Q). 

Consider the standard c^„(C)-action on the space C" with standard basis e\, ...,e„. The element Eij 
takes ej i— > and other base vectors to 0. Let / be any finite set, |/| = d, and let O(I) be the ring of functions 
/ — > C. The Lie algebra gl n (I) = gln(C) ® 0(1) acts on the tensor product of I copies of C™, which we 
denote by (C n ) 8/ . The natural basis in (C")® ; is labelled by partitions I = (I u ...,/„), I v C I, I = 
More precisely, the basis vector corresponding to I is e\ = ®j, e7 e i{u) where i{v) is such that v G !%{y)- For 
/ G O(I) and distinct i, j G [n] the standard action of Eij(f) = E^ ® / on (C™)® 7 is immediately seen to 
be given by the formula 

( 31 °) e i ^ H f(")e(ix,...,i i +{v},...,i i -{v},...,i n y 

The assignment Eij(f) i— ► p*jf in Theorem 3.8 is nothing but the result of the simultaneous application of 

(3.10) to all subsets I C U, \I\ = d. This completes the proof. 

(3.11) Proof of Theorem 3.5. We first consider the case when the covering Y — > X and the bundle C on 
Y are trivial, i.e., Y = X x [n], £ = Oy, so that we are in the situation of (3.7). Let [/ C £ be an affine 
open set. Then the space 

/ d ,s d 
T(uW,g(® d >)= 0L([/ d ,pr*g)J 

is generated, as a module over r(U<- d \0), by the image of T(U, Q) under the diagonal map, i.e., by elements 
of the form (g(xi), g(x n )), g G T(U, Q). We claim that the assignment t v : Eij(f) p*.f of Theorem 3.8 
extends, by G uW -linearity, to a morphism T(U {d \ (ffid) ) -> r(£/( d ), (?). Indeed, since Q = fJ O x • as a 
coherent sheaf, we find that = fJ £>® d • Sy. Thus it is enough to consider every 0^ • £^ separately 

and to show that the following statement holds : 

(3.12) Lemma. Let <f> a (xi, ...,Xd) G 0(U d ) be symmetric functions and f a G Y{U,0) be such that 

J2Mxi,-,x d ){f a {x 1 ),...,f a {x d ))=0 in 0(U d )®...®0{U d ). 

a 

Then the section ^2 <t>a(xi, ■■■,Xd)p*jfa G T(U^- d \ Q) is equal to for any 

We leave the verification of this lemma to the reader. Theorem 3.5 follows in the case Y = X x [n], C = Oy ■ 
To treat the general case, let n be the degree (number of sheets) of the map Y — > X. Choose an etale 
covering {ip a : U a — > X} (so we have the maps p a : tp^Y = Y Xx U a — > Y) and choose trivializations 
k a : u a x [n] — > an d k^p* a C — > 0(/ aX [„]. Then apply the assignments of Theorem 3.8 and check 
that they satisfy the descent condition to get a map defined over all the X^ d \ We leave the easy details to 
the reader. 

(3.13) Algebra of convolution operators. We consider the situation of (3.8). Fix an open set U C X. 
Geiven a matrix A G M we have the following diagdam, see (3.8.0): 

^(v 1 ) Pn X (A) P% X ( V 2 } 
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To any function / G 0(U^) we associate the convolution operator 

A(A, /) : 0(U^) - 0(U^) , A(A, /) : V ~ (pr 2 )„((pr*^) • /) 

Given a linear operator F of the form F = A(A, f) + ^ A(B i ,g i ), we write F = A(A,f) + -- •, if all B i < A 
with respect to the Bruhat order (3.7). 

We start by describing, in abstract terms, the composition of operations of type A(A, /). Let T be 
the set of 3-dimensional arrays (Ujk)i<i,j,k<n of non-negative integers, such that J2ijk^iJ k ~ d- F° r am/ 
v 1 , v 2 , v 3 e V put 

T(v 1 ,v 2 ,v 3 ) = |r6T: ^t iJk =v}, J2U jk =vl J^Ujk «A 

*>j 

If 1 < I < m < 3 and T £ T(v 1 , v 2 , v 3 ), let T lm be the matrix in M(v', v m ) obtained by summing the entries 
of T along the indexed not named. For T G T we set = T\ ijk X^*^ and write pr lm : X^ -> X( T ' m ) 
for the natural projection. Given two matrices A £ M(v 1 ,v 2 ), and B G M(v 2 ,v 3 ), put 

T(A, B) := {T 6 T : T 12 = A, T 23 = B} (3.13.0) 

The dehnition of the convolution gives (3.3): 

(3.13.1) Lemma. Let A G M(v\v 2 ), and B G M(v 2 ,v 3 ), / G 0(U^), g £ 0(U^ B ~>). Then, the 
composition of convolution operators on the LHS below is given by the following sum on the RHS: 

A(A, f) ■ A(B,g) = Yl A(r 13 , pr 18 . {pr* 12 (/) • pr* 23 (g))) . 

{TeT(A,B)} 

(3.13.2) Corollary. Suppose that, in the situation of Proposition 3.13.1, A = diag(d}, d} n ) is the diagonal 
matrix so that v 1 = v 2 . Then we have 

A(A,f)A(B,g)=A(B,h), 

where h — g ■ p%f and p 2 : U^ B "> — ► U^ 2 " 1 = is the natural projection. 
Proof. The only array T which will contribute to the sum in (3.13.1), is given by 

, _/0, i+3 
ijk {>>,!■■ i = j 

The following result gives way to proving results by induction with respect to the Bruhat order. 

(3.13.3) Proposition. In the situation of Proposition 3.13.1, assume that A = diag + a PtP+ \E p ^ p+ i where 
'diag' stands for diagonal matrix. Put m = max{i : b p+ \j ^ 0}, and suppose, in addition, that & p +i, TO > 
a PiP+ i. Then 

A(A,f)-A(B,g) = A(C,h) + ..., 

where C = B + a PtP+1 (E pm — E p+ i tTn ) and h = pri3*(pr* 2 (/) • pr^ig)), the projections pr^ corresponding 
to the array in (3.13.4). 

Similarly, if A — a p ^ p -\E PtP _\ is diagonal, m = min{i : bp-i^ ^ 0} and 6 p _i. m > a PjP _i, then we have a 
similar relation with C = B + a PtP -i(E pm — £ p _i >m ) and the array T defined in an analogous way. 
To prove the proposition, we need the following result. 
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(3.13.4) Lemma. Let A = diag + a P! p+iE P}P+ i. For an arbitrary matrix B as above, the set T(A, B), see 
(3.13.0), is in bijective correspondence with the following set of n-tuplcs 

S(A,B) = {s = (si,S2,...,s n ) |0 < Sk < b p+ i t k , y^Sk = CL P ,p+l} 



To an n-tuplc s C S(A, B) on assigns the following array T(s) = {tijk) 

Uik =bik for i^p+1 
tp+l,p+l,k = frp+i,fc — Sk 
tp,p-\-l.k — ^k 

tijk = otherwise, 
Moreover, we have T(s) 13 = B + J^j s j ' {Epj ~ Ep+i,j)- 

Proof of (3.13.4). The arrays T = (Ujk) which will contribute to the sum in (3.13.1) are given by : 

£i tijk = bjk- 
In particular, 

t ijk =0 if (i, j) ± (i,i), (p,p + 1) 
tjjk = bjk if j ^ p + 1 

tp,p+l,k + tp+l,p+\,k = &p+l,fc- 

Thus T will have a non-zero contribution if and only if : 

(t ijk =0 if (i, j) ^ (i,i), (p,p + 1) 
tjjk = bjk if j ^ P + 1 
£p+i,p+i,fc bp+\k tpp+\k 

tp,p+\,k < ^p+l,fc 
^-/fc tp,p+l,k a p,p+l 

Z)fe *p+i,p+i,fc = a p+i,p+i 

The last two equations follow directly from J2j bij = df = J2j a ji ■ The conditions above mean that there 
exists an n-tuple s c S(A, B) such that 

Uik =b lk for i^p+1 
tp+\,p+\,k = bp+i.k — Sk 

tp,p+l,k — tk 

t^k = otherwise. 
The lemma follows. 

Proof of (3.13.3). For s e S(A, B) we put C(s) := T(s) 13 . Observe that, if s, s' e S(A, B) then we have 



C(s') ± C(s) & Vj , 
Thus, since Y.k s 'k = E fe s fc(= a P , P +i)> 



Er>) S r — £ 



Er<) S r — £r 



<T 



r>j r>j 
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Observe, on the other hand that b p +i t k = if fc > to. Hence Sfc = if k > m, for any s G S(A,B). Since 
bp+i,m > a P , P +i, the set {T(s) \ s G S(A, B)} has a greatest element with respect to it corresponds to the 
n-tuple s — a,p.p + i ■ (Sim, ^m, ■ S nm ) £ T(A, B). The corresponding array looks like 

{tijk = if (i,i),(p,p + 1) 

^iifc ^ife — ^(i,fc) ( P +l,m) %>,P+1 
tp,p+l,k Skm a p,p+1- 

Observe that the matix C — T max arising from this array is precisely the matrix C = B + a p . p +i(E pm — 
Ep+\ y m)- In particular, for any other matrix C ^ C arising on the RHS of the formula 

A(AJ) ■ A(B, g) = ^A(C, h) + 

C',h 

we have C ^ C. Thus, proposition (3.13.3) is proved. 

(3.14) Proof of Proposition 3.6 (b). We will prove by induction on 1(C) = ( '* ~ 2 + 1 ) ° ij that ' 

for any C G M(v 1 , v 2 ) and h G 0(U {C) ), the convolution operator A(C, h) belongs to \mU(T V ). If 1(C) = 0, 1 
it is evident. Suppose 1(C) > 1. Then C is not diagonal. Suppose for instance that C is not a lower-triangular 
matrix. Let (p, q) be the greatest element in {(i, j) | 1 < i < j < n , Cy 7^ 0} with respect to the right - 
lexicographic order (by right-lexicographic order we mean (i,j) > (p, q) j > q or (j = q and i>pj). 
Put 

B = C + c pq (Ep +lyq - E pq ) and A = diag(^, v\, v„) + c pg (E PtP+1 - E PtP ). 
Then 1(B) < 1(C), q = max{i | & p+M ^ 0}, 

bp-\-l,q — Cpq H~ Cp-\-l,q ^ Cpq ^p,p-f-l) 

and, for any / G 0(U^), g G 0(U^), (3.13.3) gives : 

A(A,/).A(B, 5 ) = A(C,ft) + ... 

where h — pr 13t (pr* 2 (f) ■ pr* 3 (g)), the projections pr beeing computed with respect to the array T given 
in (3.13.6). In particular if / = p piP+1 (/ p , p+1 ), / p , p+1 6 0(^»), one gets : 

fc = p;,(U)^*(s)e^ (c) ), 

where r : — > is given by : 

r |c/( c w ) = id : (7< c -) - (7< 6 -) if (i,j) ? (p, q), (p + 1, q), 

V^'xc/^+iv = ® : uiCpq) x u^+^i - [/(w,,). 

It's then easy to conclude from the induction hypothesis since that A(A, /) G ImU(ru)- 



4. Elliptic cohomology construction of current algebras. 



(4.1) The Steinberg variety. Fix d, n > 0. Let F be the variety of n-step flags in C d , i.e., nitrations 
D = {0 = Z?o ^ -Di ^ -^2 Q ■■■ Q D n = C d }. The connected components of F are parametrized by partitions 
v = (vi, v n ) of d; the component F v corresponding to v consisting of flags D such that dim Di/Di-i = Uj. 
As in section (3.7), we denote the set of such partitions V; we also conserve the other notations of that 
section. 

Consider the group GLd(C) acting diagonally on F x F. 
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(4.1.1) Proposition, (a) The orbits of GLd(C) are parametrized by matrices A G M; the orbit Oa 
corresponding to A consists of pairs of Bags (D,D') such that dim(Di (1 Dj) = a^. 

(b) The closure of Oa contains Ob if and only if B < A with respect to the Bruhat order on M. 

Denote by 

Z = (J Tq a (F x F) C T*(F x F) = T*F x T*F 

AeM 

the union of the closures of the conormal bundles to Oa (the Steinberg- type variety). We regard Z as a 
correspondence from T*F to T*F. It is known that Z satisfies the following two properties : 

(4.1.2) Both projections Z — ► T*F are proper. 

(4.1.3) The composition Z o Z is equal to Z. 

(4.2) Elliptic cohomology of the Steinberg variety. Fix an elliptic curve E — > S over a base scheme 
S. 

Put G = U(d) and let T C G be the subgroup of diagonal matrices. Denote by Ellc E11 T the G- 
equivariant and T-equivariant elliptic cohomology theories with values in coherent sheaves on X G = 
and Xt — E d . We conserve all the other notations of Section 1. 

We have an obvious G-action on Z and T*F and the second projection Z — > T*F is G-equivariant (and 
proper). Thus Z is a Lagrangian correspondence between F and F, see (...) and so we have the microlocal 
Thorn sheaf S z on Zx G - Since Z o Z = Z, it follows from Proposition (2.8.6) that the direct image 7t z< ,S 2 
is a sheaf of associative algebras on Xg, and ir Ff O(T*F)~ 1 is a sheaf of its modules. On the other hand, 
X G = E<- d \ and in (3.3) we constructed a sheaf of algebras Q = 0_ 4eM ir Air O E (A) on E^ d K 

(4.3) Theorem. There is an isomorphism of sheaves of algebras Q — > ir Zlf E. z . 
The rest of this section is devoted to the proof of Theorem 4.3. 

(4.4) We start by considering closed orbits in F x F. Fix v 6 V and i, j e {1, ...,n} such that \i — j\ < 1. 
For such i,j let Aij(v) be the matrix introduced in (3.8). The orbit O^fv) is the incidence correspondence 
in x F v >, where v' = (v\,...,Vi + j — i, Vi+i — j + i, v n ). We have thus the diagram of flag varieties 

Fv i — Oa,j(v) — * F v i 
and the result of application of the functor Xg to this diagram is just 

E ( V ) _ ^(^(v)) -,E iV \ 

see (1.7.5). Denote for short 

Z ij (v)=T OAijM (F v xF v ,). 

This is an irreducible component of the "Steinberg-type" variety Z. Note that T*F V , T*F v i and ^jj(v) are 
G-equivariantly homotopy equivalent to F v , F v > and O^iy) respectively; thus we can identify, in particular, 
Zij(v)x G with ij( Ai 3( v )). The right map in the diagram 

T*F V <— Zij(v) — > T*F V ' 

is proper and induces, therefore, the microlocal Thorn sheaf 5 Z ..( V ) on E^^^K Proposition 2.8.6 implies 
the first part of the following assertion : 

(4.5) Proposition, (a) If \i — j\ < 1, the sheaf E z ..^ is naturally isomorphic to O^a^m). 

(b) The sheaf e(T*F)- x on F Xo = U veV ^ (v) consists of functions g(h, I n ), I v G E {v ^ which arc 
allowed poles of at most 1-st order along the locus of (7i, I n ) such that 1^ (~l I v ^ for some [i^v. 

(c) If \i — j\ < 1, the map 

n Zijiv) Z Zijiv) ^Hom(n Fv O(T*F v )-\n Fv/ 0(T*F v ,)-i) 
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from (2.7.1) associates to f E 0(U( Ai ^ v »), U C E, the convolution operator A(A lj (v), /) from (3.13). 

Proof, (b) Denote by T>i C ... C V n the tautological flag of bundles on F. It is well known that TF has 
a G-equivariant filtration whose quotients are Hom(D i /'D i _ 1 ,T>j/'Dj_i), i < j. Our statement follows from 
this and the definition of 6. Part (c) follows from the localisation formula given in (2.9) (see [V]). 

(4.6) The rest of the proof of (4.3) is done by induction, similarly to the reasoning of (3.13), from which we 
freely borrow the notation. We use, in particular, the Bruhat order < and the binary operation * on the set 
M. For A £ M, an open U C E and / 6 0(U^) we denote A(A, f) the section of Q over corresponding 
to /. We denote by G<a = © B<A ^bJ^ew tne subsheaf in Q spanned (over E (d)) by sections of the form 
A(B, f) where B < A. Then Q<a • Q<b C Q<a*b- So we have a filtration of the sheaf of algebras Q labelled 
by M. 

On the other hand, let us denote the sheaf 7r z „S z on E^ d > by Q. The Bruhat order, <, on M is, in 
geometric terms, just the inclusion of orbit closures inFxf (i.e. Oa = [Jb<a Ob)- Let 

z <a= U T o B ( F *n 

B<A 

and Z<a be the similar union over B < A. The complement Za = Z<a \ Z<a = Tq a (F x F) is a smooth 
locally-closed G-sub-variety of T*(F x F) paved by complex affine spaces. Let i <A be the inclusion maps 
of Z<a in Z. By induction, using the long exact sequence in "homology" (2.2~.l) and the vanishing of 
E11^ +1 (C"), we get that the Gysin map (see (2.8.8.2)) 

is an injective homomorphism of coherent sheaves on E^ d \ Let Q<a be its image 
We have thus constructed a filtration of the sheaf of algebras Q labelled by M. 

(4.6.1) Lemma. The sheaf Q is locally free. Moreover, the morphism ^> : 
induced by the action of Q on n Fit Q(T*F) 1 is injective. 

Proof. The long exact sequence (2.2.1) gives short exact sequences 

-> G<a -> Q<a ->■ k Za ^E Za -> 0, 

where E Za is defined as in (2.8.8.1). Since E Za ~ Oz AXq — E (a), an induction onieM proves that Q is 
locally free. Set — E^ \ U_f/c!7(d) ^ ne un i° n beeing taken over all the closed proper subgroups of 
U(d). For any regular element g G U(d), the morphism of localisation of correspondences (see (2.10.3)) 

is an isomorphism of sheaves of algebras over E^ d \ But Z 9 is formed of a finite number of points of Z 

labelled by M, and one can thus easily see that the map ^ is an isomorphism over C E^ d \ Since Q is 
locally free, * is injective. 

We now proceed to construct a homomorphism of sheaves of algebras $ : Q — > Q. Namely, from (3.14) 
the sheaf of algebras Q is generated by its subsheaves G<A i:j (v) for v e V and \i — j\ < 1. Such matrices 
Aij(v) are minimal with respect to <, since the corresponding orbits are closed. Thus the arguments of (4.4) 
give identifications $ ijv : G<A tj ( v ) G<A zj (v)- 

(4.6.2) Lemma. The isomorphisms $y V extend to a unique homomorphism <f> : Q — > Q of sheaves of 
algebras such that $(G<a) C Q<a for any A. 

Proof. The sheaf Tr Ft <d(T*F) 1 is locally free, since it is a pushdown of a line bundle with respect to the 
finite flat map ir F : F Xc = ]J v ^ (v) -> E^ d \ Therefore the sheaf of algebras £nd(TT Ft Q(T*Fy 1 ) on E^ is 
locally free as well. 



. Then Q<a • Q<b C Q<a*b- 
Q £nd(-K F ,Q{T*FY 1 ) 
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Let R be the algebra formed by operators A (A, f) where A G M, and / is a rational function on 
E^ A \ Denote TZ the constant sheaf on with stalk R. We claim that £nd(ir F ,®(T* F) ) is naturally a 
subsheaf in TZ. Indeed, let E^ C E^ be the open set formed by unordered tuples of distinct points. Then 
the map tt f is unramified over E^. Moreover, the line bundle Q(T*F) 1 is trivialized over tt ^ (E^Y) by 
Proposition 4.5(b). This gives an identification of Q with £nd(ir F< ,©(T* F) X ) over E^. This, in virtue of 
the local freeness of Snd^ir Ft Q(T* F) 1 ), implies our claim. 

By definition, Q injects in TZ. Consider the diagram 

TZ 

(4.6.3) G G 

T T 

y<A„( V ) < — y<A„( V ) 

which is commutative by Proposition 4.5 (c). To show the existence of $, it is enough to verify that the 
$jj V preserve the relations between sections of G<Ai(v) which (see Proposition 3.6 (b)), generate Q as an 
algebra. More precisely, we need to prove that for any sections of G<a (Vtli & = 1 , . . . , and any 
relation F(si, s r ) = holding in Q, we have F($(si), $(s r )) = (we have omitted the subscripts in 
the $'s). But this is a consequence of the commutativity of the diagrams (4.6.3) and of the injectivity of the 
map Q —> TZ. The compatibility of $ with the filtrations is immediate since the nitrations on Q and Q are 
compatible with the product. Lemma 4.6.2 is proved. 

(4.6.4) Lemma. For any A e M. the homomorphism $ induces isomorphisms G<a/G<a — '* G<a/G<a- 

Proof. As in the proof of Lemma 4.6.2, (2.2.1) and (2.8.8.1) imply that G<a/G<a — E (a). By construction, 
G<a/G<a = E (A) . Thus, the induced map <&a ■ G<a/G<a — > G<a/G<a is identified with an endomorphism 
of the simple sheaf E (a). Moreover, $^ is non-zero since by localisation of correspondences it is an 
isomorphism over 

E (d) c E {d) ( gee the proof of ( 4 6 !)) xhus the 

map <&a is bijective. 

Lemma 4.6.4 implies that $ is an isomorphism. 



5. Classical elliptic algebras and elliptic cohomology. 



(5.1) Heisenberg groups. We start with recalling some well known facts [Mum]. Let E — > S be an elliptic 
curve over a base scheme S. For any n > 1 we denote by n E : E — > E the homomorphism of multiplication 
by n. Let E n — Kcrn E C E be the group of points of order n, and let /j, n C C* be the group of nth roots 
of 1. There is a canonical non-degenerate skew-symmetric pairing 

{a, (3) <->■ (a, /3), E n ® z E n -> fi n 

called the Weil pairing. We will sometimes use the notation (a,f3) n to indicate the dependence on n. For 
instance, if m = nc is a multiple of n, then E n C E mi and for any a, (3 £ E n we have (a, (3) m — (a, 
Fix n > 1. The pairing (a, (3) defines a central extension 

1 — > n n — > H n — > £?„ — > 1 

known as the Heisenberg group. As a set, i/„ = x /x n , with multiplication (a, C) • (/?, = (a + /3, (a, /3)C0- 
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(5.2) The Heisenberg representation. A representation T of H in a vector space (or, more generally, an 
action on any variety acted upon by C*) is said to have central charge c, if for ( G n„ we have T(() = ( c ■ Id. 
For any c G Z/n relatively prime to n there is a unique, up to isomorphism, n-dimcnsional irreducible 
representation H n with central charge c. We denote it T c : H n — ► Aut(M c ). A particular model for M c can 
be obtained as follows. Choose a subgroup r c E n , T ~ Z/n and define the space 

M c (r) = {f:E n - C | /(a + 7) - (a,7> c /(<*) Va £ £„, 7 e r}. 

The action of (/?, C) £ H n on M C (T) is given by T c (fi, Q(f)(a) = ( c {a, (3)f{a + (3). 

If we choose a complex uniformization E = C/Z © Zt, Im(r) > 0, then £?„ is identified with (Z/n) 2 
and the Weil pairing has the form 

— (ai/3 2 -a 2 /3i)J, a„fteZ/n. 

The space M c (r) for T = Z/n © 0, is identified with C™ and the representation T c sends (a, () G i?„ into 
CIK 2 , where 



(5.2.2) 



/l 

uj 

lj 2 

Vo 



\ 






/o 1 
1 








\l 



1 

0/ 



For x € E we denote t x : E E the translation by The main reason for using Heisenberg groups is 
the following : 

(5.3) Proposition. Let L be a line bundle of degree n on E. Then for any a G E n we have t* a L ~ L. 
Moreover, there is an action of H n in (the total space of) L extending the action of E n on E by translations. 
This action has central charge 1. The resulting representation of H n on the space T(E 7 L) is irreducible, i.e. 
T(E, L) ~ Mi. 

By comparing Weil pairings on E n and E m , n\m, we deduce the next statement : 

(5.4) Corollary. If L is a line bundle on E of degree nc, then, for any E n -invariant open set U C E, the 
space T(U,L) is a representation (possibly reducible) of H n with central charge c. 

(5.5) Vector bundles over an elliptic curve. Let us fix c such that (c, n) = 1. Let M.E(n,c) be the set 
of indecomposable rank n vector bundles on E with c\(V) = c. It was proved by Atiyah [Al] that : 

(5.5.1) Any two bundles V,V G Ai e(ti,c) are related by V — V <S> L where L is a line bundle of degree 0. 

(5.5.2) Any V G M E (n,c) is simple, i.e. H°(E,£nd(V)) = C. Moreover, H 1 ^, £nd(V)) = 0. 

Let us recall, for future use, three equivalent constructions of bundles from M.E{n, c). Each of them 
gives all the bundles. 

(5.6) The Heisenberg construction. Choose a line bundle L on E of degree nc. By Corollary 5.4, the 
direct image n Elf L has an action of H n in each fiber, with central charge c. Put V = Hom# n (n ESf L, M c ) to 
be the vector bundle of spaces of multiplicities of M c in these representations. Then V G A4_E(n, c). 

(5.7) The direct image construction. Let r C E n be a subgroup isomorphic to Z/n. We have a 
commutative diagram 

E E/T 

(5-7.1) n E \ I p 

E 
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where p is an isogeny of degree n with Ker(p) = E n /T. Then any V G A4e(ti, c) can be obtained as p*L 
where L is a line bundle on E/T of degree c. 

Note that L = q*L is a line bundle on £ of degree nc, and <7*L is canonically identified with L ® M c (r). 
This shows that 

n EJf L = p*q*L = p*L (g> M c (r) 
and thus the constructions (5.7) and (5.6) are equivalent. 

(5.8) The Fourier transform construction. Let P be the Poincare line bundle on E x E (it corresponds 
to the divisor A — (Ex {0}) - ({0} x E) where A is the diagonal). Let pi,P2 ■ E x E — > E be the projections. 
Then any V" G .Me (n, c) can be obtained as 

(5.8.1) V = i?V >t (pJL®P® c ), 

for a line bundle L on E of degree n. For the case c = 1 this construction is precisely the Fourier-Mukai 
transform of L, see [Muk]. 

The construction (5.7) can be found in [Od]. The equivalence of (5.7) and (5.6) was already explained. 
To see the equivalence with (5.8), note that each fiber of the RHS of (5.8.1) is the space of sections of a line 
bundle of degree n on E so has a Heisenberg group action. Taking eigenspaces of a generator of V C E n we 
split the fiber into a direct sum of 1-dimensional vector subspaces. This means that V is the pushdown of a 
line bundle from an unramified covering. We leave the details to the reader. 

By (5.5.1), the sheaf £nd(V) for V G A4 E (n,c) depends only on n,c. We denote this sheaf by Q n , c or 
simply Q. 

(5.9) Proposition, (a) As a vector bundle, Q n ^ c = (§) aeE L a , where L a = Oe(0 ~ a) is the line bundle 
of degree corresponding to a. The multiplication 777 '. Qn,c & Qn.c * Qn,c 

restricts to isomorphisms 

m a /3 : L a (8) Lp — ► L a+ p such that mpa — {a, (3) c ■ m a p. 

(b) The pullback n* E G n ,c (where n E : E — > E is the multiplication by n) is identified, as a sheaf of algebras, 
with Mat„(0£). More precisely, for an open U G E the space T(U,G n ,c) is identified with the space of 
matrix functions A(x) G Mat n (C(n £ 1 (C/))) satisfying the condition 

(5.9.1) A(x + a) =T c (a)A(x)T c (ot)- 1 , Va G E n . 

Part (a) can be found in [Al]. Part (b) follows at once from the Heisenberg construction of V. We will 
call (5.9.1) the automorphy condition, see [RS]. 

(5.10) Classical elliptic algebras. Fix a finite subset P G E. The classical elliptic algebra el„ jC is, by 
definition, the Lie algebra of global sections T(E\P, Q n , c ), where Q n ,c — £nd(E) for any bundle V G A^£;(n, c). 
Let also SQ n , c — sl(V) be the subsheaf of traceless endomorphisms and sel„ jC be the Lie algebra of its global 
sections over E\P. By (5.5.2) the sheaf SQ n , c has both H° and H 1 vanishing. This makes the subalgebra 
sel„ ;C into a Lie bialgebra by the procedure described in [Drl], [C]. The Lie bialgebra structure is the map 

S : sel riiC — > A 2 sel„ !C C sel„ jC (gi sel„ jC , S(x) = [x (8> 1 + 1 <8> x,r niC ], 

where r„. c G sel niC ®sel„ ;C is the classical elliptic r-matrix (® means completed tensor product). Let us 
describe r„ ;C explicitly In the language of Proposition 5.9 (b), this is the meromorphic function r„ jC : 
E x E -> gl n ® gl n given by 

r n , c (u,v)= ^2 w a (u ~ v)T c (a) ® T^ay 1 , 

q£B„-{0} 

where w a , a G E n are meromorphic functions on E uniquely characterized by the following conditions (see 
[B] for an explicit formula) : 

(1) w a (u + /3) = (P,a)w a (u), Va,f3eE n . 

(2) wq — 1 and if a ^ 0, then w a is regular oriE\E n with simple poles at points of E n and res u=0 w a (u) = 1. 
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When c = 1, the matrix r n _\ was found by Belavin [B]. The possibility of considering any c prime to n was 
pointed out by Cherednik. 

(5.11) Automorphy conditions and correspondences. We now proceed to construct a realization of 
the sheaf of Lie algebras Q = Q n ^ c by correspondences, by using the description of Q given by Proposition 
5.9 (b). We suppose that there is a fixed level n structure on E, i.e. an identification E n ^> (Z/n) x S such 
that the Weil pairing has the form (5.2.1). Thus the representation T c is given by the matrices (5.2.2). We 
denote r = Z/n © 0. 

We assume the framework and notation of (2.7) (specialized to our case). Let us identify the set [n] 
with Z/n, so Z/n acts on [n] by translation. Consider the action of E n on E x [n] 2 given by 

{ai,a 2 ) ■ {x, 6, c) = (x + cti,b + a 2 , c - a 2 ). 

We extend this action first to the variety 

M=(Ex [n] 2 )^ = 
.4eM 

Second, we extend the action to an action on the sheaf by setting 

(5.12) {a- f){z)=(J^'.i caiaij{i ~ i) f{a-z), zeM. 
Let 

nor : M -» M = (E x [n]) (d) x eW (E x [n]) (d) 

be the natural projection (normalization morphism, see (2.7)). 

Recall (Theorem 3.3) that the variety M is nothing but Zx u(d) , the spectrum of the U (d) -equivariant 
elliptic cohomology of the Steinberg variety Z, and the sheaf nor*0 A ^ is the same as S z , the microlocal 
Thorn sheaf of the second projection Z — > F. Recall also that 7r z : Zx u(d) — > ^[/(d) = -S^' is the natural 
projection. 

Set U = n~ 1 (E\P). Formula (5.12) defines an action of E n in the space T{U^ d \ Tr Ztt E z ). In the previous 
section we have constructed a homomorphism of Lie algebras W : T(U, gl n (0)) — > r(C/^- ) ,7r Zst S z ). 

(5.13) Theorem. The map \& restricts to a surjective algebra homomorphism 
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